It is well-known that Goodwin's nonlinear delay accelerator model can generate diverse oscillations (i.e., smooth and sawtooth oscillations). It is, however, less-known what conditions are needed for these dynamics to emerge. In this study, using a piecewise linear investment function, we solve the governing delay differential equation and obtain the explicit forms of the time trajectories. In doing so, we detect conditions for persistent oscillations and also conditions for the birth of such cyclic dynamics.
Introduction
It has been well-known that Goodwin's business cycle model with a delayed nonlinear accelerator [1] can generate multiple solutions. Depending on specified forms of the initial functions and specified parameter values, it gives rise to smooth cyclic oscillations or sawtooth (i.e., slow-rapid) oscillations. This paper aims to analytically and numerically investigate these cyclic properties of Goodwin's model by solving the time delay equations and performing simulations.
[1] presents five different versions of the nonlinear accelerator-multiplier model with investment delay. The first version has the simplest form assuming a piecewise linear function with three levels of investment and aims to exhibit how non-linearities give rise to endogenous cycles without relying on structurally un-This paper reconstructs the third version having a piecewise linear investment function with fixed time delay. It is a complement to [2] in which the effects caused by investment delay as well as consumption delay are considered. It is also an extension of [3] in which the dynamics of Goodwin's model is examined under continuously distributed time delays and the existence of the multiple limit cycles is analytically and numerically shown. Following the method of successive integration provided by [4] , we derive explicit forms of the solutions and obtain conditions under which the smooth or sawtooth oscillations emerge.
With the same spirit, [5] examines Goodwin's model. Their focus is mainly put on the relaxation (i.e., sawtooth) oscillations. We step forward and investigate periodic properties of the smooth oscillations, which will be called Goodwin oscillations henceforth. Our main concerns in this paper are on the role of the fixed delay for the birth of cyclic macro dynamics The paper is organized as follows. In Section 2, the Goodwin model without delay is considered to see how nonlinearities of the model contribute emergence of cyclic dynamics. In Section 3, an investment delay is introduced to construct.
Effects of investment delay on the smooth oscillations are considered in Section 4 and those on the sawtooth oscillations are done in Section 5. Section 6 contains some concluding remarks.
Basic Model
To find out how nonlinearity works to generate endogenous cycles, we review the second version of Goodwin's model, which we call the basic model, 
Here k is the capital stock, y the national income, α the marginal propensity to consume, which is positive and less than unity, and the reciprocal of ε is a positive adjustment coefficient. Since the dot over variables means time differentiation, ( ) 
Phase Plot
Solving (4) and (5) for ( ) y t presents an alternative expression of dynamic equation ( ) ( ) 
Once the initial value is given, the whole evolution of national income is de- termined. The phase diagram with ε ν < is shown in Figure 1 in which ( ) y f y =  is described by a mirror-imaged N-shaped curve in the ( ) , y y  plane. 1 The stationary point is at the origin denoted by E. The locus of ( ) y f y =  is the positive sloping line in the middle region while it is the negative sloping upper or lower line in the upper or lower region. For each value of y  , there is a unique corresponding y value determined to make a point ( ) , y y  satisfy Equation (6) and it is also determined whether y is increasing or decreasing at that point. So the direction of the trajectory is given in all points of the phase diagram. The directions are shown by arrows. Let A denote the local maximum point of the curve with positive y and y  always, and let C be the local minimum point with negative y and y  . Point B and D have the same y values as at points A and C, respectively. Notice that the direction of the dynamic evolution goes from −∞ to C, from the origin to C, from the origin to A and also from +∞ to A. Selecting the initial point denoted as S on the positive-sloping line, the evolution starts at this point and moves upward until point A as indicated by arrow. Then it cannot continue on the continuous curve after point A since the direction of evolution changes. Therefore it jumps to point B and continues along the same direction until point C, where the same problem occurs, so another jump occurs to point D and evolution continues until point A, at which the next round repeats itself. Thus the differential Equation (3) with the piecewise linear investment function (2) can give rise to a closed orbit ABCD constituting a self-sustaining slow-rapid oscillation. The stationary point is unstable if ε ν < , however, the oscillation is stable in a sense that the locus ( ) , y y  sooner or later converges to the same oscillation regardless of a Jumping behavior leads to the kinked time trajectory of ( ) Figure 2 illustrates the same dynamics of Figure 1 from a different view point.
Explicit Solutions
Selecting an initial point, we can determine an explicit form of the corresponding time trajectory and its rate of change. In particular, we take an initial point on the positive sloping part of the ( ) ( ) 
and if ( ) 
Since the time trajectory ( ) 
and it remains to be a linear ordinary differential Equation (5) Although [1] does not analyze delay dynamics generated by the third version, [4] , in addition to numerical analysis, derive the explicit forms of the piecewise continuous solutions of ( ) y t under the piecewise linear investment function (11). We follow their method of successive integration to solve the delay equation and derive the explicit forms of time trajectories of ( ) y t and ( ) y t  . Since a cyclic oscillation has been shown to exist in the basic model, our main concern here is to see how the presence of the investment delay and the selection of the initial function affect characteristics of such a sawtooth oscillation obtained in the basic model.
It has been examined by [4] that the birth of oscillations in the Goodwin model are caused by a selected form of the initial function and the length of delay. For the sake of analytical simplicity, we assume the constant initial function in the following numerical simulations. 
Goodwinian Oscillations
Given which we can see that delay time trajectories show sharp differences from non-delay time trajectories depicted in Figure 2 . The interval including the whole parts of one cycle where ( ) y t starts at point S and ends at point E is divided into eight subintervals, each of which is distinguished by heavy or light gray color. Solving non-delay dynamic Equation (5) or delay dynamic Equation (13), we will derive the explicit forms of these trajectories in each subinterval where the detailed derivations are presented in Appendix I.
Time Trajectories
We omit consideration in interval [ ] 
As seen in Figure 4 , the blue trajectory is kinked and the red curve jumps downward at 
0 or
where the last inequality implies discontinuity of the derivative at
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termines the following evolution of ( ) y t and ( ) 
Phase Plot
Calculating the boundary values of each interval i I , we have the following set of points ( ) ( ) ( ) , y t y t  in the phase diagram of Figure 5 . Point denoted by (S) and (E) is the starting point and the ending point of the cyclic oscillation, both of which are identical. Equation (5) (2) to (5) and from (6) to (8) along the dotted curves between these two lines are described by Equation (13). The switching of dynamic equations occurs at the following points: Point (2) at which Equation (5) (4) and (7) at which Equations (13) have at different forms of ( ) 3) At point (3) with 
Sawtooth Oscillations
Under Assumptions 1 and 2 with 2 S o y = − , Figure 6 illustrates trajectories of ( ) y t (blue curve) and ( )
. The blue trajectory has kinks and the red trajectory jumps at i t nθ = . These are initial parts of the trajectories that eventually converge to sawtooth oscillations. The shapes of these trajectories are different from those in Figure 2 and Figure 4 .
It has been pointed out by [4] that the delay model also gives rise to sawtooth-like oscillations. 6 Our main aim of this section is to analytically reproduce these numerical results to understand why a trajectory ( ) More precisely, [4] found at least twenty five other limit cycles were also solution to the delay model with the same parameter values. Further it was indicated that there were an infinite number of additional solutions. 
Time Trajectories
The constant initial function
is selected. The dynamic Equation (13) y t satisfy the corresponding dynamic equations at 
The last inequality confirms the discontinuity of the red curve at 
where the continuity of the blue curve and the discontinuity of the red curve at 2  3  2  2  2  3  2 and . II  III  III  III   III  II  II  III  III  III   III  III  III and . III  IV  IV  IV   III  III  IV  IV  IV  IV   IV  III  III  III  IV  IV As seen above, the delay differential Equation (13) describes dynamic behavior of ( )
while the linear ordinary Equation (5) determines the form of ( ) 
Phase Plot
We now turn attention to the phase diagram in the 
is the starting point of interval 1 I at 0 t = and the delay Equation I . By doing so, the trajectory gradually approaches to the green sawtooth limit cycle as time goes on. It is noticed that a jump occurs at the local maximum or minimum point in the non-delay model whereas even at the middle of these boundary values in the delay model.
Concluding Remarks
This paper presented Goodwin's nonlinear accelerator model augmented with In the same way as in interval 1 I , (8) y t y t 
Integrating both sides yields ( ) t t = where 8 8 t = .
Since Equation (2) 
and . 
Derivation of (G-VI)
On the other hand, [ ] 
Derivation of (G-VIII)
On the other hand ( ) ( ) 
Appendix II
Our main aim of this appendix is to analytically reproduce these numerical results of sawtooth oscillations to understand why a trajectory ( ) Equation (13) 
